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EDITORIAL NOTE: Nowadays, there are several basic definitions for the
operators of differentiation and integration of fractional (arbitrary) order,
as objects of the classical Fractional Calculus (FC). One of them is com-
monly known as the Caputo derivative. Appearing as a strange theoretical
analogue of the conventional Calculus, with a very long and controversial
history, FC has been recently recognized both by pure mathematicians and
applied scientists and engineers, as an efficient and irreplaceable tool in
modeling phenomena of the real world. One of its important and first ap-
plications in mechanics, especially to linear models of viscoelasticity, is due
to Prof. Michele Caputo. In 1967, in his paper “Linear Models of Dissi-
pation whose Q is almost Frequency Independent — II”, he introduced an
operator for differentiation of arbitrary (fractional) order of the form, today
referred to as the ”Caputo derivative” (see eq. (5), p. 530) and used it for
finding the analytical expression for a linear dissipative mechanism whose
Q is almost frequency independent over large frequency ranges.

Prof. Caputo is a Honorary Member of Editorial Board of our journal.
The year 2007 marked both his 80th personal anniversary, as well as the 40th
anniversary of this already famous paper, and of the “Caputo derivative”.
On this occasion, in vol. 10 (2007), and especially No 3, we have invited
several survey and contributed papers close to the subject of the Caputo
paper’1967 and continuing its applications’ trends. We find it now most
interesting and useful for our audience, to reproduce the paper in this issue.

*  Special thanks are due, for permission to reprint this article, to:

Blackwell Publishing Ltd, Publisher of ”Geophysical Journal International”

(GJI), as a heir to "Geophysical Journal Royal Astronomical Society”, 1967.
In its original variant, the paper appeared in: Geophys. J. R. Astr. Soc.,
vol. 13, Issue 5, November 1967, pp. 529-539. Now, it can be found and
ordered at GJI contents: http://www.blackwell-synergy.com/toc/gji/13/5.

ON BEHALF OF THE EDITORIAL BOARD OF "FCAA”, Virginia Kiryakova



Geophys, J. R, astr. Soc. (1967) 13, 529-539.

Linear Models of Dissipation whose Q is almost
Frequency Independent—II

Michele Caputo*

(Received 1967 May 1)

Summary

Laboratory experiments and field observations indicate that the Q of many
non-ferromagnetic inorganic solids is almost frequency independent in
the range 10™2-107 ¢/s, although no single substance has been investigated
over the entire frequency spectrum. One of the purposes of this investiga-
tion is to find the analytic expression for a linear dissipative mechanism
whose Q is almost frequency independent over large frequency ranges.
This will be obtained by introducing fractional derivatives in the stress—
strain relation.

Since the aim of this research is also to contribute to elucidating the
dissipating mechanism in the Earth free modes, we shall treat the dissipation
in the free, purely torsional, modes of a shell. The dissipation in a plane
wave will also be treated.

The theory is checked with the new values determined for the Q of
spheroidal free modes of the Earth in the range between 10 and 5 min
integrated with the Q of Rayleigh waves in the range between 5 and 0-6 min.

Another check of the theory is made with the experimental values of
the Q of the longitudinal waves in an aluminium rod in the range between
107° and 107 3s.

In both checks the theory represents the observed phenomena very
satisfactorily. The time derivative which enters the stress-strain relation
in both cases is of order 0-15.

The present paper is a generalized version of another (Caputo 1966b)
in which an elementary definition of some differential operators was used.
In this paper we give also a rigorous proof of the formulae to be used in
obtaining the analytic expression of Q; moreover, we present two checks
of the theory with experimental data.

1. Introduction

The present paper is a generalized version of another (Caputo 1966b) in which
an elementary definition of some differential operators was used. In this paper we
give also a rigorous proof of the formulae to be used in obtaining the analytic expression
of Q; moreover, we present two checks of the theory with experimental data.

In a homogeneous isotropic elastic field the elastic properties of the substance
are specified by a description of the strains and stresses in a limited portion of the
field since the strains and stresses are linearly related by two parameters which describe
the elastic properties of the field. If the elastic field is not homogeneous nor isotropic
the properties of the field are specified in a similar manner by a larger number of para-
meters which also depend on the position.

* Present address: Instiuto de Fisica, Universitd degli Studi, Bologna.
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530 Michele Caputo

These perfectly elastic fields are insufficient models for the description of many
physical phenomena because they do not allow us to explain the dissipation of energy.
A more complete description of the actual elastic fields is obtained by introducing
stress—strain relations which include also linear combinations of time derivatives of
the strain and the stress. The numerical coefficients appearing in the general linear
combinations of higher order derivatives are called viscoelastic constants of higher
order.

Elastic fields described by elastic constants of higher order have been discussed
by many authors (e.g. see Knopoff (1954), Caputo (1966a). For a description of
the various models of losses see Knopoff (1964).) Knopoff studied the case in which
the stress—strain relations are of the type

i dar hi
Trs=lgh g,seh;+2p8,s+ W [";l'ng grsehi'l'zﬂmers]! (l)

where 4,, and p,, are constant; he obtained a condition for these viscoelastic constants
of higher order analogous to those existing for the perfectly elastic fields and also
proved that in order to have a dissipative elastic field the stress—strain relations should
contain a time derivative of odd order.

A generalization of the relation (1) is

Tps= Z dlm [’lmgl“grsehl ‘—l“mer.;]s (2)

where one can also consider Jl,,, aud Uy, as functions of position.

We can generalize (2) to the case when the operation d™/d™ is performed with m
as a real number z and also further by replacing the summation with an integral as
follows:

by
d
t= [ 11009 3 @ g +2 j a2 (e )
Relations (1) and (2) are a special case of (3). They are obtained by setting
Ffulmzy= Y 5(2—:71)),,,, ]
mp q - (4)
f!(r:l :)= ”‘gqa(.‘._m) Hons

where 8(z—m) are unitary delta functions.

If a,=p=q=0then we have the case of a perfectly elastic field; if p=g=1 then we
have a perfectly viscous field; if @;=g=0and p=1 then we have a viscoelastic field.

We have now to establish a few relations which we shall have to use later.

Let f(z) and its ith order derivatives (i=1, 2, ..., m+ 1) be continuous in the interval
(0, + o) and also let z be a real number (0<z<1).

We shall assume the definition of the derivative of f(f) of order m+z as follows:

dm*h 1 ’ _EYTE f(mtl)e
Sl 5[ (1=& " fo DR, )

We want to prove that if | /" V(#)|e™?, (p>0)(i=0, 1,...,m), is integrable in
(0, + c0), then

— )=

f [dm—z f (r)} e‘*"d:=P‘{P"’ff(&Je‘ﬁé‘d:—p"“‘f(O)—p'"'z---ftO)---
o o

dtm-f-z
...-f<'"-1>(0)+p"f<'">(0)}. ©)
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From the definition (5) we have obviously

f [; f(r)] e dt= m = f { (=& ;P'dz ©

To prove (6) we need to change the order of integration in (7); by the theorem of
Fubini-Tonelli this is possible if the function

Jf(m+lj(€)‘f [(t_ﬁ)-:e—-prldr:lf(nﬁl)(é” [(!_@—ze—prdr
z §
is integrable in (0, + o). This can be proved true as follows:

If""“’(”)l[ (=)= e Mdi=| f" DE)| "M p ™ T (1 —2)

which is integrable in (0, + o) because of the hypothesis that
!f(""”’(-f)ie""’

1s integrable in (0, 4 o).
We can therefore change the order of integration in (7) and write
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In the present paper we need to consider the case when f(0)=0, (i=0, 1,..., m);
formula (6) is then :

mdm” -pt m+z"’ Y =Pt
h[[wf{r)]e Pi=p ;!f(t)e rdt,

2. Dissipation in a plane wave

In the simple case of a plane wave, assuming f=#6(z —z,), the stress—strain relation
(3) gives the following equation of motion

o*u  0*u 9% 9%u
= ¥ = e g =, ) 8
e T Mg o ®

By taking the Laplace transform of equation (8) we have, assuming that

eo=[5],..=0

62U+ ;00U
ax? 12 ox?

where U is the Laplace transform of », and the nature of the motion depends on the
roots of the following equation:

=0,

pp* U+ p

ne* pro4+ppt 4 pa? =0, 9)

The approximate solution of equation (9), neglecting the term in , which we assume
to be small in comparison with p, is
2

ot
Pol=——.

p

The solution which takes into account the dissipation is

) n|po|*o? nZy . . TZp
P=‘|Po|l1+— COS — i sin —
2]?0]2.9 2 2

and the specific dissipation is

1 = Z
0-i= ool . 7%
u 2

3. Solution of the equations of dissipative elastodynamics

Let us first consider the equations which govern the motions of dissipative elasto-
dynamic gravitating media as they result from the generalized stress-strain relations
(3), and, to consider the problem from a more general point of view, let us also introduce
a more general inertial law defined by the operator

by
az
0s=p [ £ty D= dz,
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which is the ordinary inertial law if

0<a;<b;<1
l<ay<b,=2

folr, =62 —2), a3|

The above-mentioned equations are then
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(109)

where s=(sy, 53, 53) is the displacement vector in spherical polar co-ordinates
(r, 8, ¢) and the s; are functions of time, ¥ is the gravitational potential and V-V,
is the perturbation of ¥, arising from the perturbation of the density field and from
the attraction of the density perturbation of the deformed interfaces, and where

b, 5
0" : &
01=.[.f1(-’,2)§d2+2j fa(r, Z)E;d;’,
., 0
= ﬁoi;
by
a° 2
3= ffz(", Z)ér—zdz, by= EO:_
L

o
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To find a class of solution of equation (10) let us take its Laplace transform. The
integration in equation (11) can be exchanged with the integration of the Laplace

transform; we can assume

Then

ao
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0
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;
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Let us write the following equations which are a consequence of equation (10):

where

l

4r
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L L 2=
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41 2n—k)!

fF, Yrdo=0,
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21 k4 @w
J Lia= f d¢ f sin6do f Le~"dt,
w 0 0 0

)*P,,(cose) if k=0

H
_{n+k)!] P, (cosB) cosk¢ if k=1,2,...,n

+
] P, "™ (cos@) cos (k—n)¢
if k=n+1,...,2n.

k!
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and set
RI'H=J Sl Y,.,kdw,

Yk oYk 1
Rz,,zf[ﬁ'g 2 +5 g ]dw,

20 " 3¢ sinb

1 9y oyt
R3-"=”525in9 FV T ]d"”

(13)

w

(Pn" Pg'n)= [(l’—- VO) Ynkdﬂ). ]

Performing the integration in equation (12), we see that if the vector
R (Ry,,, Ry ;s Ry ,) and P,— P, , are solutions of the obtained system (14):

d ;. e dv ld( ) dR,

E[OIV]+2OZE— [ r ]+2O
(IPO= (!(P"'PG) d dPo) _
e P (RI - ) +03R, =0,

Y g dR, d*(rR,) R, dR,/r
{070, [ - gt | +oul 2
R, dP, [ (4

d
+—(P Po)+p—t—= +03 R, =0,

1 d [ ,d(P-Py) = n(n+1) P-P, d .
—:-E_E I:r -—&;——] —4EPGV+ . > 4??6[??—;.’{1_0;
1 d’rR;  n(n+1) dRa,
0; it R O,r O;R,=0,
2 |: rdr rk 3] Rid dr & J
where
= 1 d
- ”("T'" )R2+ o (*R,).

then they determine the Fourier co-ordinates of the Laplace transforms of S (S, S5, S5)
and P— P, of the vectors s (s, 55, §3) and of the perturbation ¥V—¥,. In fact from
equation (13) it can be shown that, extending the procedure used by Caputo (1963),
we can formally write:

L (15)

(
( 1 0% ) ey )

F T
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4. Dissipation in the torsional oscillations of a shell

We shall discuss some models of dissipation, obtained by specializing the functions
fi(r, z) appearing in equation (3), in the free purely torsional vibrations of a shell.
The equation which governs the motion of the torsional modes in an anelastic
shell of radii r; and r,, assuming a stress-strain relation of the type (3), is:
b
: da*[1d*s 1@/ 1 dsind
[Hea | =55 + = (=
dr* L r or r? 00 \sinf 06
az

by
0 [ @ [s 9%s
+f [ﬁf;(f’, Z)] -a? [I’g (T)] dz-pﬁi . (16)
We assume an Earth model defined by a liquid core and a homogeneous mantle,
and assume also that the dissipation of energy due to the viscous interaction between
the core and the mantle is negligible (Caputo 1966a), and that g; f>(r, z)=0, then the
boundary condition is

Fo(ry) F_,(ry) B

=0, (17
Fy(r) Fou(ry) |

-
Fy,(r)= -a?r‘i‘f- J 44 p(ra),

where

$3= {4y sy G+ (=D AL Iyl S,

by
a 2=p [ o) prde,

is a solution of the Laplace transform of equation (16). J, . (or) and J_,_;(ar) are
Bessel functions, and P, (cosf) is a Legendre polynomial. i

The solutions of equation (17) determine the periods of free oscillation and also
the Q. Without loss of generality (4) can be written

by

fr2)=p+ _ff:(ﬂpza'z-

az

An interesting case arises when
J2(2)=p,0(z—25+5).

Equation (17) is then
o? _ i
— (et mpe ™)==,

which gives 3 e
P="]Po1{1+&l’oz°ﬂ} , |P0!=“/£-
H NP

If z,=2m (m integer) then we have

. #1]?0!2""[ e .. ne]}%
= l+ ————— |cos— —isiIn—
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and if m=0

= p1|P0|"[ me .. me
P—‘IPOll1+ o c0s —- —isin }

The specific dissipation function is therefore

= 3 ]
0 1=j|Poi .

5. Analysis of experimental results: free spheroidal modes of the Earth and Rayleigh
waves

A very extensive analysis of attenuation of Rayleigh waves has been made by
Ben-Menahem (1965), who measured it from four great earthquakes by observation
of multiple circuits around the Earth past one station. By Fourier analysis he
obtained the specific attenuation factor in the period range between 300 and 40s;
from the attenuation factor he computed the specific dissipation.

The discrete spectrum of the spheroidal oscillation, where matter is both compressed
and sheared, approaches the continuous Rayleigh wave spectrum. In order to extend
the range where the Q is known we computed it also from the free spheroidal oscilla-
tions of periods between 5 and 15min which followed the great Chilean earthquake.
We used the 110h record of this earthquake obtained at UCLA.

The record was subdivided into intervals of 54 h length. The initial points of these
intervals were at 4:5n and 13-5# hours (n an integer) from the beginning; from the
power spectrum analysis of these five intervals we obtained the decrease in the energy
and subsequently Q by means of formula (24) of Caputo (1966a).

The scatter of the values in this frequency range is due to many causes. We believe
that one of the principal causes is the number of aftershocks which followed the first
main one. It seems that most of the energy of these aftershocks is introduced in the
low frequencies; as a matter of fact in our analysis the Q’s of the lowest frequencies
appeared negative; they were, however, uniformly positive above the frequency of
1:24 Mc/s (the /=7, n=0 mode).

In Fig. 1 we report the data obtained by Ben-Menahem for Rayleigh waves and
those which we obtained for the spheroidal oscillations of the Earth. The continuity
of the two sets of data at their intersection is remarkable.

10x107°—

Observed

e ——

@™ sy07 Theoretical

T

11073

Me /s

Fi1G. 1. Specific dissipation of Rayleigh waves (dashed line) and spheroidal
oscillations (dotted line).
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| I |
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FiG, 2. Specific dissipation of longitudinal waves in an aluminium rod.

In the same figure one can see the theoretical curve obtained by setting = —0-15
and 2u,/(A+2)=3-7x107? in the following formula which we obtained for the
torsional oscillations and which we assume to be valid also for the spheroidal modes.

.
sm?si : (18)

One can notice that the argument between the theoretical curve and the observed
values is satisfactory at the high frequencies although the observed values are slightly
higher than the theoretical values. At low frequencies (below 7Mc/s) the observed
values are lower than the theoretical values. This could be explained as follows.

We know that the waves of longer periods sample the Earth at greater depth than
those of shorter periods; therefore the waves of longer periods sample materials which
are in different physical condition (e.g. greater pressure and temperature) than those
sampled by waves of shorter periods. The Q™' for various Earth’s models obtained
by Anderson & Archambeau (1964) all increase with depth to about 60km and then
they decrease; the theoretical curve for Q shown in Fig. | is in agreement with this
behaviour. '

6. Analysis of experimental results: lengitudinal waves in an aluminium rod

Another check on this theory can be made using the Q’s obtained by Zemanek &
Rudnick (1961) for longitudinal waves in an aluminium rod in the period range between
10" %and 107 %s. These data are reproducedin Fig. 2. In Fig. 2 onecan see a smoothed
curve for Q™! obtained from the data above, and also a theoretical curve obtained
from a formula analogous to equation (18) in which we assumed again e=—0-15;
the value of the amplitude factor in formula (18) is such as to obtain the best fit to the
experimental values.

7. Conclusion

The elastic propertics of solids are described by many parameters; according to
this theory it seems also that the dissipative properties of dissipating solids depend on
many parameters (i.e. &, 4,, and u,) which, in turn, depend on the physical conditions
of the material.
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This research is only a tentative investigation on how these parameters enter the
dissipation law and on the analytic form of this law. No discussion is given of the
physical interpretation and significance of the analytic law given; the law is empirical,
as most physical laws are.

Istituto di Geodesia e Geofisica,
Universitd degli Studi,
Trieste.
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